


































ܗࠞ߹Ϟσϧ (Linear Mixed Model, LMM) Ͱ͋ΓɼͦͷϞσϧ͔Βಋ͔ΕΔܦݧ࠷ྑઢܗෆภ












ຊߘͰ͸ɼLMM Λར༻ͨ͠খ஍Ҭਪఆʹ͍ͭͯղઆ͢Δɻ·ͣ 2 અͰ͸ɼBattese, Harter
and Fuller (1988) ͰऔΓ্͛ΒΕͨখ஍Ҭਪఆ໰୊Λ௨ͯ͠ɼLMM ͷ؆୯ͳઆ໌ͱ EBLUP
ͷಋग़Λ༩͑ɼ༗ݶ฼ूஂϞσϧ΁ͷ֦ுʹ͍ͭͯड़΂Δɻ·ͨɼLMM Λߏ੒͢Δʢڞ௨฼਺ʹ
ΑΔճؼ߲ʣʴʢมྔޮՌʣͱ͍͏ߏ଄͕খ஍ҬਪఆʹͲͷΑ͏ʹ໾ཱͭͷ͔ʹ͍ͭͯɼ্ड़ͨ͠










ͳ͓ɼখ஍ҬਪఆΛѻͬͨղઆ࿦จ΍ղઆॻͱͯ͠͸ Ghosh and Rao (1994), Rao (2003) ͕




·ͣɼ͜ͷ෼໺ͷܒ໤తͳ࿦จͱͯ͠஌ΒΕΔ Battese et al. (1988) ͕औΓ্͛ͨখ஍Ҭਪఆ
໰୊ʹ͍ͭͯ঺հ͠Α͏ɻΞΠΦϫभͷ๺෦தԝͷ 12 ͷ܊ʹ͍ͭͯࠄ෺ (ͱ͏΋Ζ͜͠ٴͼେ
౾) ͷ࡞෇໘ੵͷௐ͕ࠪҎԼͷΑ͏ʹͯ͠ͳ͞Εͨɻ12 ͷ܊ͦΕͧΕʹ͍ͭͯ͞Βʹ໿ 250h ͷ
೶࡞۠ը (segment) ʹࡉ෼͠ɼi ൪໨ͷ܊ʹ͓͚Δ೶࡞۠ըͷݸ਺Λ Ni ͱ͢Δɻ࿈๜೶຿ল͸ɼ
Ni ݸͷ۠ըͷத͔Β ni ݸͷ۠ըΛϥϯμϜʹநग़͠ɼ௚઀೶ՈʹΠϯλϰϡʔௐࠪΛߦ͏͜ͱ
ʹΑͬͯͦͷ۠ըʹ͓͚Δͱ͏΋Ζ͜͠ (·ͨ͸େ౾) ͷ࡞෇໘ੵʹ͍ͭͯͷσʔλΛಘͨɻ͜ͷ
࿦จͰ͸ɼi ൪໨ͷ܊ʹ͓͚Δ j ൪໨ͷ۠ըͷσʔλΛ yij Ͱද͢͜ͱʹ͢Δɻ࣮ࡍʹ͸ɼni ͸
1∼5 ఔ౓Ͱ,1 2ͷ܊શମͰͷ૯਺͸ 36 ఔ౓Ͱ͋Δɻଞํ, ਓ޻Ӵ੕ LANDSAT ͔Βͷ؍ଌʹ








ͷ͕࠷΋؆୯ͳํ๏Ͱ͋Δ͕ɼni ͕ 1∼5 ఔ౓Ͱ͋ΔͨΊਪఆޡ͕ࠩେ͖͍ͱ͍͏໰୊͕͋Δɻ
Battese et al. (1988) ͸ɼখ஍ҬͰͷਪఆਫ਼౓ΛߴΊΔͨΊʹɼ࿈๜೶຿লͷௐࠪσʔλͱӴ੕
σʔλΛར༻ͨ͠ઢܗࠞ߹Ϟσϧ (LMM) Λ༻͍Δ͜ͱΛߟ͑ͨɻ
֤ʑͷ۠ըʹ͍ͭͯӴ੕σʔλʹΑΓͱ͏΋Ζ͜͠ٴͼେ౾ͱࣝผ͞ΕͨϐΫηϧͷݸ਺Λ
x1ij, x2ij Ͱද͢ͱɼௐࠪσʔλ yij ͱӴ੕σʔλ x1ij, x2ij ͱͷؒʹ͸΄΅ઢܗؔ܎͕ೝΊΒ
ΕΔͨΊ,
yij = β0 + β1x1ij + β2x2ij + uij,i =1 ,...,k, j=1 ,...,n i (1)
ͳΔϞσϧ͕૝ఆͰ͖Δɻ·ͨޡ߲ࠩ uij ͸ɼ܊ʹΑͬͯҟͳ͓ͬͯΓɼ܊ʹґଘ͢Δ߲ vi ͱ
܊ͷࠩҟʹґΒͳ͍߲ eij ʹՃ๏తʹ෼ղ͞Εͯ
uij = vi + eij (2)
ͱද͞ΕΔͱ͢Δɻxij =( 1 ,x 1ij,x 2ij) , β =( β0,β 1,β 2)  ͱ͓͘ͱɼϞσϧ (1) ͸ɼ
yij = x
 












β ͸ 3 × 1 ͷϕΫτϧͰ͋Δ͕ɼ͜ΕҎ߱͸ΑΓҰൠతʹ m × 1 ͷϕΫτϧͱͯ͠ѻ͏͜ͱ




i =( xi1,...,xini), X =( x 
1,...,x 
k) , β =( β0,...,β m−1)  ͱ͠, e ΋ y ͱಉ༷ʹ
ei =( ei1,...,e ini) , e =( e 
1,...,e 
k) , ͱఆٛ͢Δɻ·ͨɼ͢΂ͯͷ੒෼͕ 1 ͷ ni × 1 ϕ
ΫτϧΛ jni Ͱද͠ɼϒϩοΫର֯ߦྻ block diag(·) Λ༻͍ͯ Z = block diag(jn1,...,jnk)
ͱ͓͖ɼv =( v1,...,v k)  ͱ͓͘ɻ͜ͷͱ͖Ϟσϧ (3) ͸ɼ
y = Xβ+ Zv+ e (4)
ͱද͢͜ͱ͕Ͱ͖Δɻ͜ΕΛઢܗࠞ߹Ϟσϧ (LMM) ΋͘͠͸෼ࢄ੒෼Ϟσϧ (Variance Com-
ponent Model) ͱ͍͏ɻρ = σ2
v/σ2
e ͱ͓͘ͱ͖ɼyi ͷڞ෼ࢄߦྻ͸ Cov(yi)=σ2
eV i(ρ),
V i(ρ)=ρJni + Ini ͱද͞ΕΔɻ͜͜ͰɼJni = jnij
 
ni ͸͢΂ͯͷཁૉ͕ 1 ͷ ni × ni ߦྻɼ
Ini ͸ ni × ni ͷ୯ҐߦྻͰ͋Δɻैͬͯɼy ͷ෼ࢄڞ෼ࢄߦྻ͸
Cov(y)=σ
2
eV (ρ)ɼ V (ρ) = block diag(V 1(ρ),...,V k(ρ))
ͱॻ͚Δɻ
3ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ
2.2. ࠷ྑઢܗෆภ༧ଌྔ (BLUP) ͱ෼ࢄ੒෼ͷਪఆ
ͦΕͧΕͷ܊ͷࠄ෺ͷฏۉత࡞෇໘ੵΛਪఆ͍ͨ͠ͷͰɼi ൪໨ͷ܊ʹ͍ͭͯ͸ xi =
 ni
j=1 xij/ni ͱ͓͘ͱ͖ µi = x 
iβ + vi ͕ਪఆ͍ͨ͠஋ͱͳΔɻ͜Ε͸ɼ ʢ฼਺ʣʴʢมྔʣ
ͷܗΛ͍ͯ͠ΔͷͰɼਪఆͱ͍͏ΑΓ͸༧ଌͱ͍͏ݴ͍ํΛ͢Δͷ͕ී௨Ͱ͋Δɻ
෼ࢄ੒෼ͷൺ ρ = σ2
v/σ2





(yi − x 
iβ)
ͱͳΓɼ˜ µi(β,ρ)=x 
iβ + ρni(1 + ρni)−1(yi − x 
iβ) ͕ µi ͷ࠷దͳ༧ଌྔʹͳΔɻ͜͜Ͱɼ฼
܎਺ β ΛҰൠԽ࠷খ 2 ৐ (Generalized Least Squares, GLS) ਪఆྔ



















(¯ yi − ¯ x 
i  β(ρ)) (6)
ͳΔܗͷઢܗෆภͳ༧ଌྔ͕ಘΒΕΔɻ͜Ε͸ɼઢܗෆภͳ༧ଌྔͷதͰ࠷దͳ΋ͷʹͳ͍ͬͯ




e ΋͘͠͸ͦΕΒͷൺ ρ Λਪఆ͠Α͏ɻ܁Γฦ͠਺͕ҟͳΔ৔߹ʹ͸࠷໬




















j=1(xij −xi)(xij −xi)  ͷϥϯΫΛද͓ͯ͠Γɼ


















i=1 ni(yi − x 
iβ)2 ͷ࢒ࠩฏํ࿨ʹج














































v ͷෆภਪఆྔ ˆ σ2UB
v ͷܽ఺͸ਖ਼ͷ֬཰Ͱෛͷ஋Λͱͬͯ͠·͏͜ͱͰ͋Δɻ









(N − k)ˆ σ2UB





















(N − k)ˆ σ2UB




























v) ͸ෆภਪఆྔ (ˆ σ2UB
e , ˆ σ2UB
v ) ʹҰக͠ɼ
S2/ˆ σ2UB
e ≤ k−m+2ͷͱ͖ʹ͸ɼˆ σ2
e = {(N −k)ˆ σ2UB
e +(k−m)(k−m+2) −1S2}/(N −m),
ˆ σ2
v =ˆ σ2
eˆ ρ,ˆ ρ =2 /N∗ ͱͳ͍ͬͯΔɻ݁ہɼ͜ͷ ˆ ρ Λ (6) ʹ୅ೖ͢Δ͜ͱʹΑΓɼ༧ଌྔ
  µi(ˆ ρ)=¯ x 
i  β(ˆ ρ)+
ˆ ρni
1+ˆ ρni
(¯ yi − ¯ x 




૊ΈͰٞ࿦͞ΕΔɻ͜͜Ͱ͸ɼBattese et al. (1988) ʹԊͬͯ௒฼ूஂͷઃఆͷ΋ͱͰখ஍Ҭਪ
ఆͷํ๏ʹ͍ͭͯઆ໌͢Δɻ
2.1 અͷ࢝ΊͰ঺հͨ͠໰୊ઃఆΛࢥ͍ग़ͦ͏ɻୈ i ܊ͷ೶࡞۠ըͷ૯਺Λ Niɼୈ i ܊ɼୈ j
5ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ
۠ըͷࠄ෺ͷ࡞෇͚໘ੵΛ Yij ͱ͠ɼYij ʹઢܗࠞ߹Ϟσϧ
Yij = x 
ijβ + vi + eij,i =1 ,...,k, j=1 ,...,N i
Λ౰ͯ͸ΊΔɻ༗ݶ฼ूஂͷ࿮૊ΈͰ͸ɼi ൪໨ͷ܊ʹ͍ͭͯɼNi ݸͷ฼ूஂͷத͔Β ni ݸͷඪ
ຊΛϥϯμϜʹநग़ͯ͠ɼ฼ूஂฏۉ µi = Y i =
 Ni
j=1 Yij/Ni Λਪఆ͢Δ͜ͱ͕໨తͱͳΔɻ͍
· i ൪໨ͷ܊ʹରͯ͠ɼNi ݸͷσʔλ Yi1,...,Y iNi ͔Βநग़͞Εͨ ni ݸͷσʔλͷ૊Λɼ؆୯
ͷͨΊʹ yi =( yi1,...,y ini)  ͱ͠ɼநग़͞Εͳ͔ͬͨσʔλͷ૊Λ Y
∗
i =( Yi,ni+1,...,Y i,Ni) 
ͱॻ͖ɼY
P
i =( y 
i,Y
∗ 






























i =( x 
i,ni+1,...,x 
i,Ni)  ͱ͠ɼ·ͨni ࣍ݩϕΫτϧ ji =( 1 ,...,1) , Ni−ni
࣍ݩϕΫτϧ j
∗





























i β + Σ21Σ
−1

























































i =( Ni − ni)−1  Ni
j=ni+1 xij Ͱ͋Δɻ͜ͷ β ʹҰൠԽ࠷খ̎৐ਪఆྔ
  β(ˆ ρ) Λ୅ೖ͢Δͱɼ฼ूஂฏۉ µi = ¯ Yi ͷ༧ଌྔ͸ɼ






















i   β(ˆ ρ)+
niˆ ρ
1+niˆ ρ
(¯ yi − ¯ x 
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˜ µi(ˆ ρ)=x
 












i  β(ˆ ρ)
 
ͱද͞ΕΔͷͰɼni ʹൺ΂ͯ Ni ͕͔ͳΓେ͖͍ͱ͖ʹ͸ɼx 
i(p)  β(ˆ ρ)+niˆ ρ(1+niˆ ρ)−1(yi−x 
i  β(ˆ ρ))
ͱͳΓɼni ͕ Ni ʹ͍ۙͱ͖ʹ͸ɼ(14) ʹۙͮ͘͜ͱ͕Θ͔Δɻ
༗ݶ฼ूஂϞσϧʹ͍ͭͯͷٞ࿦͸ݱ࣮తͰ͋ΓॏཁͰ͋Δ͕͔ͳΓෳࡶͳ໰୊ઃఆʹͳΔͨ
Ίɼզ͕ࠃͰ͸͋·Γ׆ൃʹ͸ݚڀ͞Ε͍ͯͳ͍ɻGhosh and Meeden (1997) ͸༗ݶ฼ूஂϞ
σϧʹ͍ͭͯϕΠζ๏ʹج͍ͮͨݱ୅తͳΞϓϩʔνΛղઆ͓ͯ͠ΓɼΘ͔Γ΍͍͢จݙͰ͋Δɻ
2.4. ༧ଌਫ਼౓ΛߴΊΔͨΊͷϞσϦϯά
(14) Ͱ༩͑ΒΕΔܦݧ࠷ྑઢܗෆภ༧ଌྔ (EBLUP) Λ







i  β(ˆ ρ)
ͱมܗ͢Δͱɼyi ͱ x 
i  β(ˆ ρ) ͱͷՃॏฏۉʹͳ͍ͬͯΔ͜ͱ͕Θ͔Δɻyi ͸௚઀औΒΕͨσʔλ
ʹج͍ͮͨฏۉ஋Ͱ͋ΔͷͰɼݸʑͷ܊ͷಛ௃Λ൓ө͍ͯ͠Δͱߟ͑ΒΕΔɻ͔͠͠ ni ͕খ͞
͍ͱ͖ʹ͸ɼyi ͷ༧ଌޡ͕ࠩ໰୊ͱͳΔɻଞํɼx 
i  β(ˆ ρ) ͸શσʔλʹج͍ͮͯߏ੒͞Ε͍ͯΔ
ͷͰ҆ఆ͍ͯ͠Δ͕ɼ܊ͷಛ௃͸ yi ΄Ͳڧ͘͸ݱΕͳ͍ͱࢥΘΕΔɻEBLUP ͸ɼ͜ΕΒͷ఺
Λߟྀͨ͠ํ๏Ͱ͋Γɼni ΋͘͠͸ ˆ ρ ͕খ͚͞Ε͹ yi Λ x 









[1] มྔޮՌͱॖখਪఆ. આ໌Λ؆୯ʹ͢ΔͨΊʹɼϞσϧ (3) ʹ͓͍ͯ β = 0 ͱͯ͠ΈΑ͏ɻ
΋͠ vi ͕฼਺ޮՌͰ͋Δͱ͖ʹ͸ɼvi ͸ͦΕͧΕͷ܊ͷΈʹج͍ͮͨඪຊฏۉ yi Ͱਪఆ͞ΕΔͷ
Ͱɼਪఆޡ͕ࠩ໰୊ʹͳΔ͚ͩͰͳ͘ɼ܊ͷݸ਺ k ͕େ͖͍ͱ͖ʹ͸ະ஌฼਺͕ଟ͘ͳͬͯ͠·͍ɼ
৘ใྔن४ͳͲͷϞσϧબ୒ͷ؍఺͔Β΋޷·͘͠ͳ͍ɻͦ͜Ͱ vi Λมྔʹͯ͠ΈΔͱɼ2.2 અͰઆ
໌ͨ͠Α͏ʹɼvi ͸৚݅෇ظ଴஋ E[vi|y]=ρni(1+ρni)−1yi = yi−(1+ρni)−1yi ʹΑͬͯ༧ଌͰ
͖Δɻ͜Εʹ ρ ͷਪఆ஋Λ୅ೖͨ͠΋ͷ͸ɼyi Λॖখ͢ΔਪఆྔͷܗΛ͓ͯ͠Γɼ͍ΘΏΔ Stein ޮ




[2] ڞ௨฼਺ʹΑΔσʔλͷϓʔϦϯά. Ϟσϧ (3) ͔ΒΘ͔ΔΑ͏ʹ yij ͷظ଴஋͸
E[yij]=x 
ijβ Ͱ͋Γɼ͜Ε͸ i ʹґଘ͠ͳ͍ڞ௨ͳ฼਺ β ʹج͍͍ͮͯΔɻβ ͸શσʔλ y
7ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ
ͷՃॏฏۉ   β(ˆ ρ) ʹΑΓਪఆ͞ΕΔͷͰɼyij ͷظ଴஋͸ x 









2 અͰઆ໌͞ΕͨΑ͏ʹ EBLUP ͸༧ଌਫ਼౓ΛߴΊΔख๏ͱͯ͠༻͍ΒΕ͖ͯͨɻ͔͠͠ɼ༧
ଌޡ͕ࠩͲͷఔ౓ʹԡ͑͞ΒΕ͍ͯΔͷ͔Λݟੵ΋Δ͜ͱ͸ɼσʔλղੳͷݱ৔Ͱ͸ॏཁͳ͜ͱ





৴པ۠ؒͷߏ੒ʹ͍ͭͯ͸ɼͦΕͧΕ Prasad and Rao (1990), ࡫੉-ٱอ઒ (2005) Λࢀর͞Ε
͍ͨɻ·ͨɼ͜͜Ͱ͸ςʔϥʔల։ʹج͍ͮͨΞϓϩʔνΛ࠾༻͍ͯ͠Δ͕ɼϒʔτετϥοϓ
๏΍δϟ οΫφΠϑ๏Λ༻͍ͨํ๏΋ఏҊ͞Ε͍ͯΔ (Lahiri (2003))ɻ
3.1. ฏۉ̎৐ޡࠩͷਪఆ
આ໌ΛΘ͔Γ΍͘͢͢ΔͨΊʹɼ͜ͷઅͰ͸ɼޡࠩ෼ࢄ σ2




iβ + vi + ei,i =1 ,...,k, (16)
Λѻ͏͜ͱʹ͢Δɻ͜͜Ͱ ei ∼N(0,σ2
e/ni) Ͱ͋Δɻ͜Ε͸ඪຊฏۉͷϞσϧͱͯ͠ (3) ͔Β
ಋ͔ΕΔ͕ɼ׭ி͔Βൃߦ͞ΕΔ਺஋ʹ͸ूܭσʔλ͕ଟ͍͜ͱ͔ΒɼΉ͠Ζ Fay-Herriot Ϟ
σϧ (16) Λ༻͍Δํ͕Α͍৔߹΋͋Δɻ(16) ͸஍ҬϨϕϧͷσʔλʹج͍͍ͮͯΔͷͰ஍ҬϨ
ϕϧϞσϧͱ͍͍ɼ(3) ΛݸମϨϕϧϞσϧͱ͍͏ɻ஍ҬϨϕϧϞσϧʹ͍ͭͯ͸ɼσ2
e ΛԿΒ




e ͸ (y1,...,yk) ʹج͍ͮͯਪఆ͞ΕΔɻρ ͷਪఆྔΛ ˆ ρ =ˆ ρ(y1,...,yk) Ͱද͢͜ͱ
ʹ͢Δɻ(14) Ͱ༩͑ΒΕΔ༧ଌྔ EBLUP ͸ɼ͜ͷ ˆ ρ Λ༻͍ͯ
  µi(ˆ ρ)=yi − ˆ γi(¯ yi − ¯ x
 
i  β(ˆ ρ)), ˆ γi = γi(ˆ ρ) = (1 + niˆ ρ)
−1
ͳΔܗͰදݱͰ͖ΔɻEBLUP ͷ µi = x 
iβ + vi ʹର͢Δਪఆޡࠩͱͯ͠ɼฏۉ̎৐ޡࠩΛ σ2
e
Ͱׂͬͨ΋ͷ
Mi(ρ,   µi(ˆ ρ)) = E
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ࠩΛฏۉ̎৐ޡࠩ (Mean Squared Error, MSE) ͱݺͿ͜ͱʹ͢Δɻ͜ͷ MSE Λਪఆ͢Δ͜
ͱʹΑͬͯ༧ଌྔ EBLUP ͕Ͳͷఔ౓ͷޡ͕ࠩ͋Δͷ͔Λݟੵ΋Δ͜ͱ͕Ͱ͖Δɻ͜ͷઅͰ͸ɼ
Datta, Kubokawa and Rao (2002) Ͱಋ͔Εͨ݁ՌΛ঺հ͠ɼৄ͍͠಺༰ʹ͍ͭͯ͸ͦͷ࿦จΛ
ࢀর͞Ε͍ͨɻ




Stein ͷ౳ࣜΛ༻͍ΔͱɼEBLUP ͷ MSE ʹରͯ͠ਖ਼֬ͳෆภਪఆྔ͕ಘΒΕΔɻͦΕ͸ɼ؆
୯ͷͨΊʹ ˆ γi = γi(ˆ ρ),   β =   β(ˆ ρ) ͱ͓͘ͱɼ
  ME




i ˆ γi +2ˆ γ2
i
 
yi − x 
i  β
  ∂ˆ ρ
∂yi
+ˆ γ2



























e ͕ط஌Ͱ͋Δ͜ͱʹ஫ҙ͢Δͱɼ(8) ͔Β (10) ͱಉ༷ʹͯ͠ σ2
v ͷෆภ
ਪఆྔ ˆ σ2UB
v = {S2 − (k − m)σ2




















0i f ˆ ρ =2 /N∗,
2ni(yi − x 
i  β2)/(N∗σ2
e)i fˆ ρ>2/N∗
Ͱ༩͑ΒΕΔͷͰɼ͜ΕΛ   ME




͖͘ͳΔ͜ͱ͕஌ΒΕ͍ͯΔɻDatta et al. (2002) Ͱ΋   ME
i (ˆ ρ) ͷਪఆޡ͕ࠩେ͖͍͜ͱΛ਺஋
࣮ݧΛ௨ͯ͠ݕূ͍ͯ͠Δɻͦ͜ͰɼMSE Λ઴ۙతʹۙࣅͨ͠ਪఆྔΛٻΊΔ͜ͱʹ͠Α͏ɻখ
஍Ҭਪఆͷ໰୊Λѻ͍ͬͯΔͷͰ֤܊ͷඪຊαΠζ ni ͸খ͍ͨ͞Ίɼ܊ͷݸ਺ k ͕େ͖͍৔߹



















ͱ͓͘ͱɼEBLUP ͷ MSE ͷ k ʹؔ͢Δ̎࣍ۙࣅ͸
Mi(ρ,   µi(ˆ ρ)) = g1i(ρ)+g2i(ρ)+g3i(ρ)+o(k−1)
9ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ




i (ˆ ρ)=g1i(ˆ ρ)+g2i(ˆ ρ)+2 g3i(ˆ ρ) − bˆ ρ(ˆ ρ){γi(ˆ ρ)}
2 (19)
Ͱ༩͑ΒΕΔɻ࣮ࡍɼE[  MU





(1 + niρ)2/N 2 + o(k−1)
ͱͳΔͷͰɼ͜ΕΒΛ   MU
i (ˆ ρ) ʹ୅ೖ͢ΔͱɼMSE ͷ̎࣍઴ۙෆภਪఆ஋͕ܭࢉͰ͖Δɻ
࣮ࡍͷ৔໘ͰਪఆޡࠩΛධՁ͢Δࡍʹɼ௨ৗͷ MSE Ͱ͸ͳ͘৚݅෇ MSE Λ༻͍ͨํ͕Α͍
ͱ͍͏ٞ࿦͕ۙ೥ͳ͞Ε͍ͯΔɻྫ͑͹ɼi ൪໨ͷ܊ͷσʔλ yi1,...,y ini ͕ಘΒΕɼͦͷখ஍
Ҭʹର͢Δฏۉ஋ yi ͕༩͑ΒΕͨ࣌఺ͰɼEBLUP Λ࢖༻ͨ͠ͱ͖ʹͲͷఔ౓ͷਪఆޡ͕ࠩ͋
Δͷ͔Λݟੵ΋Γ͍ͨ৔߹͕͋ΔɻBooth and Hobert (1998) ͸ɼಛʹ཭ࢄతͳҰൠԽઢܗࠞ߹
Ϟσϧʹରͯ͠͸ɼ௨ৗͷ MSE ΑΓ΋৚݅෇ MSE Λ༻͍ͨํ͕Α͍͜ͱΛࢦఠ͍ͯ͠Δɻyi
Λॴ༩ͱͨ͠ͱ͖ͷ EBLUP ͷ৚݅෇ MSE ͸ɼ
M
C
i (ρ,   µi(ˆ ρ)|yi)=E
 







3i(ρ|yi − x 
iβ)={γi(ρ)}4n2







   yi
 
= op(k−1) for j  = i, (20)
ΛԾఆ͢Δͱɼ৚݅෇ MSE ͷ̎࣍ۙࣅ͸
MC
i (ρ,   µi(ˆ ρ)|yi)=g1i(ρ)+g2i(ρ)+gC
3i(ρ|yi − x 
iβ)+op(k−1). (21)




i (ˆ ρ|yi)=g1i(ˆ ρ)+g2i(ˆ ρ)+
 
γi(ˆ ρ)ni{yi − x
 
i  β(ˆ ρ)}
2 +1
 
g3i(ˆ ρ) −{ γi(ˆ ρ)}
2 bˆ ρ(ˆ ρ|yi),
(22)
ͱͳΔɻ࣮ࡍɼ৚݅ (20) ͷ΋ͱͰ E[  MCU
i (ˆ ρ|yi)|yi]=MC
i (ρ,   µi(ˆ ρ))|yi)+op(k−1) ͕੒Γ





ni(yi − x 




༷ʑͳઢܗࠞ߹Ϟσϧʹରͯ͠ EBLUP ͷ MSE, ৚݅෇ MSE ͷਪఆ͕ٞ࿦͞Ε͓ͯΓɼৄ
͘͠͸ɼPrasad and Rao (1990), Booth and Hobert (1998), Datta and Lahiri (2000), Datta
et al. (2002), Rao (2003) ͱͦͷதͰҾ༻͞Ε͍ͯΔจݙ͕ࢀর͞ΕΔɻ
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3.2. ৴པ۠ؒͷߏ੒
ܦݧ࠷ྑઢܗෆภ༧ଌྔ EBLUP ͷޡࠩධՁʹؔ͢Δ΋͏̍ͭͷํ޲ੑ͸ɼEBLUP ʹجͮ
͍ͨ৴པ۠ؒΛߏ੒͢Δ͜ͱͰ͋Δɻ͜ͷখઅͰ΋ σ2
e ͸ط஌ͱͯ͠࿩ΛਐΊΔɻ·ͣɼi ൪໨ͷ









Ͱ༩͑ΒΕΔɻͨͩ͠ɼzα/2 ͸ඪ४ਖ਼ن෼෍ͷ্ଆ α/2 ఺Λද͢ɻ͜Ε͸৴པ܎਺ 1 − α ͷ৴
པ۠ؒͱͳΔ͕ɼni ͕খ͍͞ͱ͖ʹ͸ yi ͷόϥπΩ͕େ͖͘ͳͬͯ͠·͏ͱͱ΋ʹ৴པ۠ؒͷ
௕͕͞௕͘ͳͬͯ͠·͏ɻ
ͦ͜Ͱɼµi ͷϕΠζత৴པ۠ؒΛಋ͘͜ͱ͕ߟ͑ΒΕΔɻµi ͷϕΠζਪఆྔ͸ɼγi =( 1 + niρ)−1
ʹରͯ͠   µB
i (β,ρ)=x 
iβ +( 1− γi)(yi − x 








Ͱ༩͑ΒΕΔͷͰɼ৴པ܎਺ 1 − α ͷϕΠζత৴པ۠ؒ͸ɼ
I
B
i (β,ρ):   µ
B




ͱॻ͚Δɻ͜Ε͸ະ஌฼਺ β, ρ ΛؚΜͰ͍ΔͷͰɼͦΕΒͷਪఆྔΛ୅ೖͨ͠৴པ͕۠ؒߟ͑
ΒΕΔɻҰൠʹ ˆ ρ Λ y1,...,yk ʹج͍ͮͨ ρ ͷਪఆྔͱ͠ɼβ Λ (5) Ͱ༩͑ΒΕΔҰൠԽ࠷খ









i  β(ˆ ρ)
 






i (ˆ ρ):   µ
EB
i (ˆ ρ) ± zα/2
 
(σ2
e/ni)(1 − ˆ γi)
ͱͳΔɻܦݧϕΠζਪఆྔ   µEB
i (ˆ ρ) ͸ yi ʹൺ΂ͯਪఆਫ਼౓͕ߴ͍͚ͩͰͳ͘ɼ৴པ۠ؒͷ௕͞
΋୹͘ͳ͍ͬͯΔɻ͔͠͠ɼඃ෴֬཰ P[µi ∈ IEB
i (ˆ ρ)] ͸ 1−α ʹҰக͠ͳ͍ͱ͍͏ܽ఺Λ΋ͭɻ
ͦ͜Ͱɼ3.1 અͷٞ࿦Λ༻͍ͯɼඃ෴֬཰͕ k ʹؔͯ̎࣍͠઴ۙతʹ 1−α ͰۙࣅͰ͖ΔΑ͏
ͳ৴པ۠ؒΛߏ੒͢Δɻ͜ͷΑ͏ͳ৴པ۠ؒ͸, n1 = ···= nk Ͱ σ2
e ͕ط஌ͷͱ͖ʹ͸ Basu,
Ghosh and Mukerjee (2003) ͳͲʹΑͬͯٻΊΒΕɼn1,...,n k ͕౳͍͜͠ͱΛԾఆͤͣɼσ2
e ͕
ະ஌ͱ͍͏ΑΓҰൠతͳઃఆͷԼͰ͸࡫੉-ٱอ઒ (2005) ʹΑͬͯಘΒΕͨɻBasu et al. (2003)
ͷ࿦๏ʹैͬͯ, zα/2 ͷ୅ΘΓʹ zα/2{1+( 2 k)−1h(ˆ ρ)} Λ༻͍ͨ৴པ۠ؒ
IAEB
i :   µEB
i (ˆ ρ) ± zα/2
 
1+( 2 k)−1h(ˆ ρ)
  
(σ2
e/ni)(1 − ˆ γi) (24)
Λߟ͑Δɻ͜͜Ͱɼิਖ਼ؔ਺ h(ˆ ρ) ͸ɼVˆ ρ(ρ)=E[(ˆ ρ − ρ)2] Λ༻͍ͯ





4(1 − ˆ γi)2Vˆ ρ(ˆ ρ)+
kniˆ γ2
i




















i ]=1− α + O(k−3/2)
͕੒Γཱͭ͜ͱ͕ࣔ͞ΕΔɻ(18) Ͱ༩͑ΒΕͨ ˆ ρ ʹରͯ͠͸ɼVˆ ρ(ρ)=2
 k
i=1(1+niρ)2/N 2 +
























ͯ͞ɼ۩ମతͳখ஍Ҭʹؔ͢ΔσʔλΛ༻͍ͯ EBLUP ͷಛ௃ɼฏۉ̎৐ޡࠩਪఆٴͼ EBLUP
ʹج͍ͮͨ৴པ۠ؒΛௐ΂ͯΈΑ͏ɻ͜͜Ͱ༻͍Δσʔλ͸ɼਆಸ઒ݝʹ͓͚Δژ඿ٸߦઢԊ͍
ͷ୐஍෺݅ʹ͍ͭͯ 2001 ೥ʹެද͞Εͨ 1m2 ౰ͨΓͷ஍ՁެࣔՁ֨Ͱ͋Δɻ֤ӺΛ̍ͭͷখ
஍Ҭͱߟ͑ɼ·ͨ i ൪໨ͷӺΛ࠷دΓӺͱ͢Δ෺݅ͷσʔλΛͦͷখ஍Ҭ͔ΒͱΒΕͨσʔλͱ
ߟ͑ͯɼͦͷݸ਺Λ ni Ͱද͢ɻখ஍Ҭͷ૯਺͸ k =3 2Ͱ͋Γɼni ͸ 1 ͔Β 11 ·ͰෆۉҰͳ
஋Λͱ͍ͬͯΔ͕ฏۉ 4 ఔ౓Ͱ͋Δɻ֤஍ՁެࣔՁ֨Λର਺ม׵ͨ͠΋ͷΛ yij ͱ͠ɼ(3) ʹର
Ԡ͢ΔϞσϧ
yij = β0 + x1iβ1 + x2ijβ2 + vi + eij
Λ૝ఆͯ͠ΈΔɻ͜͜Ͱɼڞมྔ x1i ͸ i ൪໨ͷӺ͔Β඼઒Ӻʹ౸ண͢Δͷʹཁ͢Δ࣌ؒɼx2ij





j=1(xij −xi)(xij −xi)  ͷϥϯΫ͸ 1 ͱͳΔͷͰɼ(7) ͷ ˆ σ2
e ʹ͓͚Δ
λ ͸ λ =2ͱͳΔ͜ͱʹ஫ҙ͢Δɻ͜ͷϞσϧʹ͓͍ͯɼӺ (খ஍Ҭ) ͝ͱʹฏۉతͳ஍Ձެࣔ
Ձ֨
µi = β0 + x1iβ1 + x2iβ2 + vi
ͷ༧ଌʹؔͯ͠ɼ͜Ε·Ͱઆ໌͖ͯͨ͠ख๏ͷڍಈΛௐ΂ͯΈΑ͏ɻ
σʔλ͔Βਪఆ஋   β(ˆ ρ), ˆ σ2
e,ˆ ρ Λܭࢉ͢Δͱɼ  β(ˆ ρ) = (13.2702,−0.0138229,−6.24894×10−5),
ˆ σ2
e =0 .055070, ˆ ρ =0 .231126 ͱͳΔɻβ1 ͷਪఆ஋͕ෛͷ஋Ͱ͋Δ͜ͱ͔Βɼ౦ژӺ͔Βԕ͘
ͳΔʹͭΕͯ஍ՁެࣔՁ֨͸௿͘ͳΔ܏޲ʹ͋Γɼ߹ཧతͳූ߸Λ͍ࣔͯ͠Δ͜ͱ͕Θ͔Δɻද
1 ͸ɼژ඿ٸߦԊઢͷ෺݅ 1m2 ౰ͨΓͷӺ͝ͱͷฏۉՁ֨ͷ༧ଌ஋ͱ༧ଌޡࠩΛ༩͍͑ͯΔɻ
No.1 ژٸ઒࡚͔Β No.32 ௡ٱҪ඿·Ͱͷ 32 ͷӺ͕౦ژʹ͍ۙॱʹ൪߸෇͚ΒΕ͍ͯΔɻni ͸
ར༻Մೳͳσʔλ਺ɼyi ͸ඪຊฏۉ஋ɼEBLUPi ͸ (14) ͔Βܭࢉ͞ΕΔ༧ଌ஋ɼx 
i  β ͸ϓʔ
ϧ͞Εͨਪఆ஋ʹج͍ͮͨճؼਪఆ஋Λ͍ࣔͯ͠Δɻද 1 ͷࠨଆʹͦΕΒͷ༧ଌ஋͕༩͑ΒΕͯ
͍ΔɻͦͷදΛͳ͕ΊͯΈΔͱɼEBLUPi ͸ yi Λ x 
i  β ͷํ޲΁ॖখ͓ͯ͠Γɼಛʹ ni ͕খ͞
͍ͱ͖ʹॖখͷ౓߹͍͕େ͖͘ͳΓ ni ͕େ͖͘ͳΔʹͭΕͯॖখͷఔ౓͸খ͘͞ͳΔ͜ͱ͕Θ
͔Δɻද 1 ͷӈଆʹ͸ɼ(17) Ͱ༩͑ΒΕͨฏۉ̎৐ޡࠩʢඪ४Խ͞Εͨ΋ͷʣͷਪఆ஋͕༩͑
ΒΕ͍ͯΔɻ1/ni ͸ɼvi Λ฼਺ͱͨ͠ͱ͖ͷ yi ͷฏۉ̎৐ޡࠩͰ͋Γɼ  MU
i ,   MCU
i ͸ͦΕͧ
Ε EBLUPi ͷ MSE ͱ৚݅෇ MSE ͷ̎࣍઴ۙෆภਪఆ஋Λද͓ͯ͠Γɼ(19), (21) ͔Βܭࢉ
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ද 1. ژ඿ٸߦઢԊઢͷ෺݅ͷ 1
￿2 ౰ͨΓͷӺ͝ͱͷฏۉՁ֨ͷ༧ଌ஋ͱ༧ଌޡࠩ
༧ଌ஋ ༧ଌޡࠩ




￿ 1/ni   M
U
i   M
CU
i
1 ژٸ઒࡚ 5 554983 487388 419461 0.200 0.129 0.129
2 ௽ݟࢢ৔ 7 319928 333513 356725 0.143 0.098 0.101
3 ژٸ௽ݟ 2 570920 437352 386659 0.500 0.194 0.193
4 Ֆ݄Ԃલ 2 283069 320221 339006 0.500 0.185 0.187
5 ੜഴ 7 293188 304061 322512 0.143 0.096 0.099
6 ژٸࢠ҆ 2 321134 351243 366099 0.500 0.191 0.192
7 ࢠ҆ 1 525000 347976 316423 1.000 0.232 0.226
8 ਆಸ઒৽ொ 1 270000 322382 335868 1.000 0.237 0.232
9 ਆಸ઒ 1 331000 339691 341732 1.000 0.239 0.233
10 ށ෦ 3 375575 354298 340257 0.333 0.155 0.156
11 ೔ϊग़ொ 4 322805 324860 326771 0.250 0.133 0.135
12 ԫۚொ 3 305847 315063 321615 0.333 0.153 0.155
13 ೆଠా 2 371510 334768 319035 0.500 0.185 0.184
14 ሯ෩Ӝ 2 244499 266831 277832 0.500 0.178 0.179
15 ਿా 2 236169 260133 272017 0.500 0.177 0.178
16 ژٸ෋Ԭ 8 228446 237685 255764 0.125 0.084 0.087
17 ೳݟ୆ 11 246572 245929 244303 0.091 0.067 0.069
18 ۚ୔จݿ 6 257464 259956 263451 0.167 0.103 0.105
19 ௥඿ 7 189859 204841 231626 0.143 0.093 0.096
20 ژٸాӜ 3 186865 206629 221548 0.333 0.153 0.156
21 ҆਑௩ 3 163998 192669 215441 0.333 0.163 0.167
22 ҳݟ 4 178816 190617 202218 0.250 0.131 0.134
23 ࣚೖ 2 174379 200149 213316 0.500 0.180 0.181
24 ԣਢլதԝ 3 258351 228923 210511 0.333 0.158 0.158
25 ژٸ҆Ӝ 6 208107 204624 199889 0.167 0.105 0.107
26 ງϊ಺ 2 212941 207532 205079 0.500 0.209 0.208
27 ৽େ௡ 2 189447 194258 196523 0.500 0.195 0.196
28 ๺ٱཬ඿ 6 201243 194083 184575 0.167 0.105 0.106
29 ژٸٱཬ඿ 6 240698 212929 179640 0.167 0.107 0.107
30 ̧̮̥໺ൺ 7 197581 187313 171819 0.143 0.097 0.098
31 ژٸ௕୔ 5 165187 162517 159486 0.200 0.129 0.131
32 ௡ٱҪ඿ 6 148490 148449 148391 0.167 0.143 0.145
13ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ
͞Εͨ΋ͷͰ͋Δɻ͜ΕΒͷ༧ଌޡࠩͷਪఆ஋Λͳ͕ΊͯΈΔͱɼEBLUPi ͷ༧ଌޡࠩ͸ yi Α
Γ΋͔ͳΓখ͘͞ɼಛʹ ni ͕খ͍͞ͱ͖ʹ͸ஶ͍͠վળ͕ͳ͞Ε͍ͯΔ͜ͱ͕Θ͔Δɻ৚݅෇
MSE ͷਪఆ஋   MCU
i ͱ MSE ͷਪఆ஋   MU
i ͷؒʹ͸͋·Γ͕ࠩΈΒΕͳ͍ɻ͜ͷ͜ͱ͸ɼਖ਼ن
෼෍ʹج͍ͮͨ LMM Λѻ͏ݶΓ྆ऀ͸Θ͔ͣͳࠩͰ͔͠ͳ͍͜ͱΛҙຯ͍ͯ͠ΔɻBooth and
Hobert (1998) ͕ओு͢ΔΑ͏ʹɼGLMM Λѻ͏ͱ͖ʹ͸྆ऀʹॏେͳ͕ࠩੜͣΔͷ͔΋͠Ε
ͳ͍ɻද 1 Ͱ͸༩͑ΒΕ͍ͯͳ͍͕ɼMSE ͷਖ਼֬ͳෆภਪఆྔ   ME




ਤ 1 ͸ɼ̎࣍ิਖ਼ͨ͠ܦݧϕΠζత৴པ۠ؒ IAEB
i ͱ yi ʹج͍ͮͨ৴པ۠ؒ I∗
i ͷ྆୺ͷ஋
ΛɼӺΛ No.1 ͔Β No.32 ·Ͱԣ࣠ʹͱͬͯඳ͍ͨਤͰ͋ΔɻIAEB
i ͷ஋͸ (24) ͔ΒܭࢉͰ͖
ΔɻI∗
i ͷ৴པ۠ؒͷಈ͖͕ ni ͕খ͍͞ͱ͖ʹෆ҆ఆʹͳΔͷʹൺ΂ɼIAEB
i ͸҆ఆͨ͠৴པ۠
ؒΛ༩͍͑ͯΔɻIAEB
i ͷಈ͖Λͳ͕ΊͯΈΔͱɼ ʮշಛʯ ʮಛٸʯిं͕ఀं͢ΔӺͰ͸౔஍Ձ
͕֨ߴ͘ͳΔ͜ͱΛ൓өͯ͠Ӻ͝ͱʹඍົʹมಈ͠ͳ͕Βɼશମͱͯ͠౦ژ͔Βԕ͘ͳΔʹͭΕ
ͯՁ͕֨ݮগ͢Δͱ͍͏߹ཧతͳ܏޲͕ΈΒΕΔɻਤ 2 ͸ɼ৴པ۠ؒͷ௕͞ͱσʔλ਺ ni ͱͷ
ؔ܎Λࣔͨ͠΋ͷͰ͋ΔɻI∗




࠷ޙʹɼ͜ͷઅͰܭࢉͨ͠ MSE ͷਪఆ஋ͱ৴པ۠ؒ͸,3અʹ͓͍ͯ σ2
e Λط஌ͱͯ͠ಘΒΕ
ͨ݁ՌΛར༻ͨ͠΋ͷͰɼ۩ମతʹ͸ ˆ σ2
e =0 .055070 ͷ஋Λط஌ͱͯ͠୅ೖ͍ͯ͠Δɻਖ਼֬ʹ
͸ɼσ2
e Λະ஌ͱ͢ΔϞσϧͷ΋ͱͰಋ͔Εͨ MSE ਪఆྔͱ৴པ۠ؒΛ༻͍Δ΂͖Ͱ͋Δ͕ɼ͜
ΕΒ͸΋ͬͱෳࡶͳܗΛͯ͠मਖ਼߲ͷ਺͕͔ͳΓଟ͘ͳͬͯ͠·͏ɻͲͪΒ͕Α͍ͷ͔ʹ͍ͭͯ
࣮༻໘͔Β·ͨ਺஋తଆ໘͔Βݕ౼͢Δͷ͕Α͍ͱࢥΘΕΔɻσ2
e ͕ະ஌ͷ৔߹ͷ MSE ਪఆྔٴ
ͼ৴པ۠ؒʹ͍ͭͯ͸ͦΕͧΕ Prasad and Rao (1990), ࡫੉-ٱอ઒ (2005) Λࢀর͞Ε͍ͨɻ
4. ༷ʑͳઢܗࠞ߹ϞσϧͱҰൠԽઢܗࠞ߹Ϟσϧ






͜Ε·ͰऔΓ্͖͛ͯͨϞσϧ (3), (16) ͸ɼΑΓҰൠతͳ LMM
y = Xβ+ Zv+ e (26)
ͷྫͱͳ͍ͬͯΔɻ͜͜Ͱɼy ͸؍ଌσʔλͷϕΫτϧɼX, Z ͸ط஌ͷߦྻͰ͋Δɻ·ͨ v, e
͸ಠཱʹͦΕͧΕଟ࣍ݩਖ਼ن෼෍ N(0,G), N(0,R) ʹ͕ͨ͠͏֬཰ม਺Ͱɼڞ෼ࢄߦྻ G, R
͸͍͔ͭ͘ͷ෼ࢄ੒෼ʹґଘ͍ͯ͠Δɻy ͷڞ෼ࢄߦྻ͸
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(No.1 ͔Β No.32 ·Ͱͷ֤ӺΛԣ࣠ʹฒ΂͍ͯΔɻ)






















￿ ͷεέʔϧ͸ॎ࣠ 1000 ͕ 1 ݸͷσʔλΛද͍ͯ͠ΔɻNo.1 ͔Β No.32 ·Ͱͷ֤ӺΛԣ࣠ʹฒ΂
͍ͯΔɻ)
15ઢܗࠞ߹Ϟσϧͱখ஍Ҭͷਪఆ
V = R + ZGZ
 
ͱද͞ΕΔͷͰɼβ ͷҰൠԽ࠷খ̎৐ਪఆྔ͸





ͱͳΔɻ͜ͷͱ͖, ͨͱ͑͹ϕΫτϧ a, b Λط஌ͱͯ͠ µ = a β + b
 v Λਪఆ͍ͨ͠ͱ͖ʹ͸ɼ
ͦͷ BLUP ͸
  µ = a   β + b
 GZ
 V
−1(y − X  β)
Ͱ༩͑ΒΕΔɻ෼ࢄ੒෼Λ࠷໬๏΍Ϟʔϝϯτ๏Λ༻͍ͯਪఆͯ͠୅ೖ͢Δͱ EBLUP ͕ಘΒ
ΕΔɻ
σʔλϕΫτϧ y =( yi) ͷ੒෼ yi ͸ɼ(3) ͷΑ͏ͳݸମϨϕϧϞσϧʹରͯ͠͸֤ݸମσʔ
λ yij ʹରԠ͍ͯ͠ΔҰํɼ(16) ͷΑ͏ͳ஍ҬϨϕϧϞσϧʹରͯ͠͸ yi ʹରԠ͍ͯ͠Δɻͦ
ͷҙຯͰɼϞσϧ (26) ͸༷ʑͳ LMM ͷมܗΛؚΜͰ͍ΔɻҎԼʹ͍͔ͭ͘ͷయܕతͳϞσϧ
Λ঺հ͠Α͏ɻͳ͓ɼ֤ϞσϧͰͷ۩ମతͳਪఆํ๏ͳͲৄ͍͠಺༰ʹ͍ͭͯ͸ɼRao (2003),
Searle et al. (1992), McCulloch and Searle (2000) ͕ࢀর͞ΕΔɻ
[1] ଟมྔઢܗࠞ߹Ϟσϧ. Fay-Herriot Ϟσϧ (16) Ͱ͸Ұมྔσʔλʹରͯ͠ઢܗϞσϧ
͕ߟ͑ΒΕ͕ͨɼܦ࣌ଌఆσʔλ΍࣌ܥྻσʔλͳͲ͸Ұൠʹଟมྔσʔλͱͯ͠ѻ͏͜ͱ͕Ͱ
͖Δɻi ൪໨ͷ஍Ҭʹରͯ͠ p-มྔσʔλ yi =( yi1,...,yip)  ͕༩͑ΒΕ͓ͯΓɼ
yi = Xiβ + vi + ei,i =1 ,...,k,
ͳΔϞσϧ͕ߟ͑ΒΕΔͱ͖ɼ͜ΕΛଟมྔ Fay-Herriot Ϟσϧͱ͍͏ɻ͜͜ͰɼXi ͸ p×m ͷ
ڞมྔɼβ ͸ m×1 ͷճؼ܎਺ϕΫτϧɼvi ͱ ei ͸ޓ͍ʹಠཱͳ֬཰ม਺Ͱɼvi ∼N p(0,Σv),
ei ∼N p(0,Ψi) ʹै͏ɻ
·ͨ (3) Λଟมྔ΁ͷ֦ுͨ͠Ϟσϧ͸
yij = Bxij + vi + eij,j =1 ,...,n i; i =1 ,...,k,
Ͱද͞ΕΔɻ͜͜Ͱɼyij, vi, eij ͸ p × 1 ϕΫτϧɼB ͸ p × m ͷճؼ܎਺ߦྻͰ͋Γɼ
vi ∼N p(0,Σv), eij ∼N p(0,Σe) ʹै͏ɻ͜ͷϞσϧʹର͢Δ EBLUP ͷੑ࣭͸ Kubokawa
and Srivastava (2003) ͳͲͰٞ࿦͞Ε͍ͯΔɻ·ͨ Σe, Σv ͸ڞ෼ࢄ੒෼ͱݺ͹ΕɼͦΕΒͷ
༏Εͨਪఆྔͷಋग़ͱੑ࣭͕ Srivastava and Kubokawa (1999), Kubokawa and Tsai (2006)
Ͱࣔ͞Ε͍ͯΔɻ
[2] ࣌ܥྻ-ΫϩεɾηΫγϣϯ Ϟσϧ. ܭྔܦࡁֶͳͲͷݚڀ෼໺Ͱ͸࣌ܥྻσʔλʹର͢
Δ෼ࢄ੒෼Ϟσϧ͕ύωϧσʔλղੳͱͯ͠ݚڀ͞Ε͖ͯͨɻi ൪໨ͷ஍Ҭͷूܭσʔλ yi ͕࣌
ܥྻతʹಘΒΕ͍ͯΔͱ͖ͷ୅දతͳϞσϧ͸
yit = x 
itβ + vi + uit + eit,t =1 ,...,T; i =1 ,...,k,
uit = ρui,t−1 + εit, |ρ| < 1,
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ͱදݱ͞ΕΔɻͨͩ͠ɼvi ∼N(0,σ2
v),e it ∼N(0,σ2
e),ε it ∼N(0,σ2) Ͱ͋Γ, ·ͨ֬཰ม਺
ྻ {vi},{eit},{εit} ͸ޓ͍ʹಠཱͰ͋Δɻ࣮͸ɼ3.3 અͰѻͬͨ஍ԼެࣔՁ֨ͷσʔλ΋Ϋϩεɾ
ηΫγϣϯͷσʔλ͕࣌ܥྻతʹऔΒΕ͓ͯΓɼͦͷϞσϧΛ༻͍ͯղੳ͢Δ͜ͱ΋Ͱ͖Δɻܦ
࣌తʹಘΒΕͨσʔλͷϞσϦϯάʹ͍ͭͯ͸ɼDiggle, Liang and Zeger (1994), Verbeke and
Molenberghs (2000) ͳͲ͕ࢀর͞ΕΔɻ
[3] ۭؒϞσϧ. جຊతͳ Fay-Herriot Ϟσϧ (16) ʹ͍ͭͯ͸ɼ஍ҬޮՌ v1,...,v k Λಠཱ
ಉҰ෼෍ʹै͏มྔͱԾఆ͕ͨ͠ɼۭؒϞσϧΛ࡞Δࡍʹ͸ vi ͸ྡ઀͢Δ஍ҬޮՌ vj ͷӨڹΛ
ߟྀ͢Δͷ͕ݱ࣮తͰ͋ΔɻAi Λ i ൪໨ͷ஍Ҭʹྡ઀͢Δ஍ҬͷΠϯσοΫεͷू߹ͱ͢Δͱɼ
{v |  ∈ Ai} Λॴ༩ͱͨ͠ͱ͖ͷ vi ͷ৚݅෇෼෍͕










vi |{v |  ∈ Ai}∼N
  
 ∈Ai wi v   




 ∈Ai wi 
 
ͳΔϞσϧΛߟ͑Δͷ͕ࣗવͰ͋Δɻ͜ΕΛ৚݅෇ࣗݾճؼ (CAR, Conditional Autoregression)
ۭؒϞσϧͱ͍͏ɻ࠷ॳͷϞσϧʹ͍ͭͯ͸ɼqi  ͸ q i = qi  ΛΈͨ͢ط஌ͷ஋ͱ͠ɼQ =( qi )
Λ k × k ͷߦྻͰɼqii =0 , / ∈ Ai ʹରͯ͠ qi  =0ΛΈͨ͢΋ͷͱ͢Δɻ͜ͷͱ͖ɼ࠷ॳͷ
CAR Ϟσϧ͸
v ∼N k(0,σ2
vΓ(ρ)), Γ(ρ)=( I − ρQ)−1
Ͱද͞ΕΔɻv ͷڞ෼ࢄߦྻ Γ(ρ) ͱͯ͠͸ɼͦͷଞ Γ(ρ1,ρ 2)=ρ1I +ρ2D ͳͲͷऔΓํ͕஌
ΒΕ͍ͯΔɻ͜͜Ͱ D =( e−di ) Ͱ͋Γɼdi  ͸஍Ҭ i ͱ   ͷڑ཭ͷΑ͏ͳ΋ͷΛͱΔ͜ͱʹͳ
ΔɻۭؒϞσϧʹ͍ͭͯ͸ɼBanerjee, Carlin and Gelfand (2004), Schabenberger and Gotway
(2005) ͳͲ͕ࢀর͞ΕΔɻ
[4] มྔ܎਺Ϟσϧ. Ϟσϧ (3), (16) ͸ɼఆ਺߲͕஍ҬʹΑͬͯมಈ͢ΔܗΛ͍ͯ͠Δ͕ɼ
ҰൠʹมಈΛճؼ܎਺ʹ૊ΈࠐΜͩϞσϧ΋ߟ͑ΒΕΔɻyij ͸ݸମϨϕϧͷϞσϧͱͯ͠
yij = x 
ijβi + eij,j =1 ,...,n i; i =1 ,...,k,
ͷܗͰ༩͑ΒΕɼ͞Βʹ βi =( β1,...,β m)  ͕஍ҬϨϕϧͷڞมྔ W i Λ༻͍ͯ
βi = W iα + vi,i =1 ,...,m
ͷΑ͏ͳϞσϧʹै͍ͬͯΔͱ͢Δɻ͜͜Ͱɼvi ∼N(0,Σv), eij ∼N(0,σ2
e) ʹै͏ɻ͜ͷͱ
͖ɼϞσϧ͸ yij = x 
ijW iα + x 
ijvi + eij ͱද͞Εͯɼ͜ΕΛมྔ܎਺Ϟσϧͱ͍͏ɻͨͱ͑
͹ɼxij ͷୈ̍੒෼ xij1 ͕͋ΔॲஔΛࢪͨ͠ͱ͖ 1 ͦ͏Ͱͳ͍ͱ͖ 0 ΛͱΔμϛʔม਺Ͱ͋Δ





[5] ̎ݩ഑ஔࠞ߹Ϟσϧ. (3) Λ͞Βʹෳࡶʹͨ͠Ϟσϧʹ̎ݩ഑ஔͷઢܗࠞ߹Ϟσϧ͕͋Δɻ
i ൪໨ͷ஍Ҭ͕ Mi ݸͷΫϥελʔʹ෼͚ΒΕɼj ൪໨ͷΫϥελʔ͕ Nij ݸͷݸମ͔Β੒Δͱ
Ծఆ͢Δɻ֤஍Ҭ͔Βɼmi ݸͷΫϥελʔ͕நग़͞Εɼj ൪໨ͷΫϥελʔʹ͍ͭͯ ͞Βʹ nij
ݸͷݸମ͕நग़͞ΕΔͱ͢Δͱɼ̎ݩ഑ஔઢܗࠞ߹Ϟσϧ͸
yij  = x 
ij β + vi + uij + eij ,  =1 ,...,n ij; j =1 ,...,m i; i =1 ,...,k
ͱද͞ΕΔɻ͜͜Ͱɼvi, uij ͸ͦΕͧΕ஍ҬޮՌɼΫϥελʔޮՌΛද͠ɼeij  ͸ޡ߲ࠩͰɼ͢
΂ͯޓ͍ʹಠཱʹ෼෍͠ɼvi ∼N(0,σ2
v), uij ∼N(0,σ2






 =1 xij /
 mi
j=1 nij ͱ͓͘ͱ͖ɼµi = x 
iβ +vi ͕ਪఆ͍ͨ͠ྔʹͳΔɻ͜ͷϞσ


















[7] ܦݧϕΠζϞσϧͱ֊૚ϕΠζϞσϧ. Ϟσϧ (3) Λ




e) ͱͳΓɼθij ͷࣄલ෼෍͕ θij ∼
N(x 
ijβ,σ2










































vA), λ ∼ π3(λ), ͳͲͷ৔߹
͕ߟ͑ΒΕΔɻ͜͜Ͱ β0, A ͸ط஌ͷ஋ͱ͢Δɻ͜ͷΑ͏ͳ֊૚ϕΠζਪఆྔͷཧ࿦తͳੑ࣭ʹ
͍ͭͯ͸ Kubokawa and Strawderman (2007) ͱͦͷதͷࢀߟจݙ͕ࢀর͞ΕΔɻ·ͨ֊૚ϕ







શମͰ k ݸͷ஍Ҭ͕͋Γɼi ൪໨ͷ஍Ҭ͔Β ni ݸͷσʔλʢ΋͘͠͸ूܭσʔλʣyi1,...,y ini
͕औΒΕ͓ͯΓɼvi Λॴ༩ͱͨ͠ͱ͖ͷ yij ͷ৚݅෇෼෍͕
f(yij|vi) = exp{[yijθij − b(θij)]/τij + c(yij,τ ij)},
j =1 ,...,n i; i =1 ,...,k, Ͱ༩͑ΒΕΔͱ͢Δɻ͜ͷΑ͏ͳϞσϧ͸ҰൠԽઢܗϞσϧͱݺ͹
ΕΔ (McCullagh and Nelder (1989))ɻ͜ͷີ౓ؔ਺͸ࣗવ฼਺ θij ͱई౓฼਺ τij(> 0) Λ༻
͍ͯදݱ͞Ε͓ͯΓɼτij ͸ط஌ͱԾఆ͞Ε͍ͯΔɻyij ͷ৚݅෇ظ଴஋Λ E[yij|vi]=µij ͱॻ






Ͱ͋ΔͱԾఆ͢Δɻ͜ͷΑ͏ͳϞσϧ͕ GLMM Ͱɼ4.1 અͰྻڍ͞Ε༷ͨʑͳߏ଄Λ૊ΈࠐΉ
͜ͱʹΑͬͯɼݱ࣮ͷσʔλʹద߹͢ΔϞσϧΛߏங͢Δ͜ͱ͕Ͱ͖Δɻ
GLMM ͷ୅දతͳྫͱ߲ͯ̎͠෼෍ͱϙΞιϯ෼෍ͷ৔߹ΛऔΓ্͛Α͏ɻ
(1) ߲̎෼෍. yij|vi ͕߲̎෼෍ Bin(nij,p ij) ʹै͏ͱ͖ʹ͸ɼθij = log{pij/(1 − pij)},
τij =1 ,b(θij)=nij log(1 + eθij), c(yij,τ ij) = lognij!/{yij!(nij − yij)!} ʹରԠ͍ͯ͠ΔɻϦ
ϯΫؔ਺ͷ୅දతͳऔΓํʹ͸ϩδοτͱϓϩϏοτ͕͋Δɻ




(2) ϙΞιϯ෼෍. yij|vi ͕ϙΞιϯ෼෍ Po(λij) ʹै͏ͱ͖ʹ͸ɼθij = logλij, τij =1 ,









ͯઆ໌͠Α͏ɻ஍Ҭ͕ i =1 ,...,k ʹɼ·ͨ೥ྸ֊ڃ͕ j =1 ,...,J ʹ෼ׂ͞Ε͍ͯΔͱ͖ɼi
஍Ҭ j ೥ྸ֊ڃͷ (ಛఆͷපؾʹΑΔ) ࢮ๢ࢦඪΛਪఆ͢Δ͜ͱΛߟ͑Δɻ
yij : i ஍Ҭɼj ೥ྸ֊ڃͷ؍ଌࢮ๢਺
nij : i ஍Ҭɼj ೥ྸ֊ڃͷਓޱ
N0j : ඪ४ਓޱूஂͷ j ೥ྸ֊ڃਓޱ, N0 = N01 + N02 + ···+ N0J
Y0j : ඪ४ਓޱूஂͷ j ೥ྸ֊ڃͷࢮ๢਺, Y0 = Y01 + Y02 + ···+ Y0J
ࢮ๢཰ͷ୅දతͳࢦඪͱͯ͠༻͍ΒΕΔͷ͕ඪ४Խࢮ๢཰ (Standardized Mortality Rate,
SMR) Ͱɼ ʢ؍ଌࢮ๢਺ʣʗʢظ଴ࢮ๢਺ʣͰఆٛ͞ΕΔɻi ஍Ҭ, j ೥ྸ֊ڃʹରͯ͠ඪ४ਓޱू
ஂ͔Βظ଴͞ΕΔࢮ๢਺͸ɼEij = nijY0j/N0j Ͱ༩͑ΒΕΔͷͰɼ͜ͷΧςΰϦʔͷ SMR ͸
SMRij = yij/Eij

















nij ͕খ͍͞ͱ͖ʹ͸ SMRij ͸όϥπΩ͕େ͖͘ͳͬͯ͠·͏ɻ·ͨ SMRi ʹ͍ͭͯ΋ J
͕খ͍͔͞
 J
j=1 nij ͕খ͍͞ͱ͖ʹ͸ಉ༷ͳ໰୊͕ੜͣΔɻ͜ͷ໰୊ʹରͯ͠ Ghosh, Natara-
jan, Stroud and Carlin (1998) ͸֊૚ϕΠζతͳ GLMM Λߟ͑ɼ Gibbs sampler Λ༻͍ͯ
Missouri भͷഏΨϯͷࢮ๢཰஍ਤΛ࡞੒ͨ͠ɻ·ͨ୮ޙ (1988) ͸ϙΞιϯɾΨϯϚϞσϧΛ౰
ͯ͸Ίͯ࣬ප஍ਤͷ࡞੒ΛߦͬͨɻҎԼͰ͜ΕΒͷϞσϧΛઆ໌͠Α͏ɻ
[1] ҰൠԽઢܗࠞ߹Ϟσϧͷద༻. ୈ i ஍Ҭʹରͯ͠ ti =
 J
j=1 yij ͱ͓͘ͱɼ(yi1,...,y iJ)
͸ଟ߲෼෍ Mult(ti;pi1 ...,p iJ) ʹै͏ɻ͜͜Ͱ
 J
j=1 pij =1Ͱ͋Δɻ͍· yi1,...,y iJ ͕ޓ͍
ʹಠཱʹ෼෍͠ɼyij ͕ϙΞιϯ෼෍ Po(λij) ʹै͍ͬͯΔͱ͢Δͱɼ཭ࢄ෼෍ͷΑ͘஌ΒΕͨੑ࣭
͔Β
 J
j=1 yij = ti Λ༩͑ͨͱ͖ͷ (yi1,...,y iJ) ͷ৚݅෇෼෍͸ଟ߲෼෍ Mult(ti;pi1 ...,p iJ)
ʹै͏ɻ͜͜Ͱɼpij = λij/
 J




= xjβ + vi
Λߟ͑Δͱɼλij/Eij ͷ༧ଌྔ͕ SMRij ʹରԠ͢Δࢮ๢ࢦඪʹͳΔɻ͜͜Ͱɼxj ͸೥ྸ֊ڃʹ
ରԠͯ͠ઃఆ͞ΕΔ஋Ͱɼͨͱ͑͹ J =3Ͱɼ54 ࠽·Ͱ͸ x1 = −1, 55 ࠽ʙ64 ࠽ʹରͯ͠͸






20Ԡ༻౷ܭֶ Vol.35, No.3 (2006)
σϧʹ͍ͭͯ͸ਪఆྔ͕Θ͔Γ΍͍͢ܗͰදݱͰ͖Δɻ
[2] ϙΞιϯɾΨϯϚϞσϧ. i ஍Ҭɼj ೥ྸ֊ڃͷࢮ๢཰Λ pij ͱ͠, ؍ଌࢮ๢਺ yij ͕ฏۉ
nijpij ͷϙΞιϯ෼෍ yij ∼ Po(nijpij) ʹ͕ͨ͠͏ͱ͢ΔɻϙΞιϯ෼෍ͷڞ໾ࣄલ෼෍͸Ψϯ
Ϛ෼෍Ͱ͋Δ͜ͱ͔Βɼpij ʹΨϯϚ෼෍ Ga(a,b) ΛԾఆ͢ΔΑ͏ͳϕΠζϞσϧ͕ߟ͑ΒΕΔɻ
୮ޙ (1988) ͸ pij ʹ͍͔ͭ͘ͷϞσϧΛ૝ఆͯ͠ࢮ๢཰ਪఆʹ༗༻ͳܦݧϕΠζਪఆख๏Λಋ͍
ͨɻ·ͣɼ஍ҬޮՌ αi ͱ೥ྸޮՌ βj ʹରͯ͠ M1 : pij = αiβj ͱԾఆ͠, βj = Y0j/N0j ͱ͓
͘ͱ αi ͷ࠷໬ਪఆྔ͸ SMRi ͕ग़ͯ͘Δͱ͍͏ڵຯਂ͍݁ՌΛಋ͍͍ͯΔɻ͢ͳΘͪɼSMRi
͸ϕΠζϞσϧΛԾఆͤͣ೥ྸ֊ڃࢮ๢཰͕஍ҬʹΑΒͳ͍ఆ਺ͱ͍͏Ծఆͷ΋ͱͰಋग़͞Εͨ
ࢦඪͰ͋Δ͜ͱΛҙຯ͢Δɻ͞Βʹ୮ޙ (1988) Ͱ͸ɼαi ͕ΨϯϚ෼෍ʹै͍ βj Λະ஌฼਺ͱ
͢ΔϞσϧΛߟ͑ͯܦݧϕΠζਪఆ஋ͷಋग़ͱ༗༻ੑΛٞ࿦͍ͯ͠Δɻ͜Ε͸ɼ
logpij = logβj + logαi,α i ∼ Ga(a,b)
ͳΔઢܗࠞ߹ϞσϧͷܗͰදݱͰ͖Δɻ·ͨ M2 : pij = βjγij ͳΔߏ଄ΛೖΕɼγij ʹΨϯϚ෼
෍ Ga(aj,b j) ΛԾఆ͢ΔϞσϧ΋ߟ࡯͠ɼࢮ๢཰ਪఆͷ༗༻ੑΛ͍ࣔͯ͠Δɻpij ͷܦݧϕΠζ
ਪఆྔ͸ɼaj, bj, βj Λपล෼෍ͷ࠷໬ਪఆྔ ˆ aj, ˆ bj,   βj Λ༻͍ͯ
ˆ pEB
ij =   βj
ˆ aj + yij
ˆ bj + nij   βj
(27)
ͳΔܗͰද͞ΕΔɻϞσϧ M2 Λ૊ΈೖΕͨϙΞιϯ-ΨϯϚϞσϧ͸ɼ
logpij = logβj + logγij,γ ij ∼ Ga(aj,b j)
ͱͯ͠ GLMM ͷܗͰද͞ΕΔ͕ɼܦݧϕΠζਪఆྔ͕ (27) ͷܗͰද͞Ε͓ͯΓɼਪఆྔ͕ฏ
׈Խ͞ΕΔํ๏͕ཧղ͠΍͍͢ɻ͢ͳΘͪɼˆ aj = ˆ bj =0ͳΒ ˆ pEB
ij =   βjyij/nij Ͱ͋Γɼˆ aj > 0,
ˆ bj > 0 ͕૊Έࠐ·ΕΔ͜ͱʹΑͬͯɼˆ pEB
ij ͸ΑΓ҆ఆͨ͠ਪఆ஋Λ༩͑Δ͜ͱ͕Ͱ͖Δɻ
GLMM ͷৄ͍͠ղઆʹ͍ͭͯ͸ɼMcCullagh and Nelder (1989, 14.5 અ)ɼFahrmeir and
Tutz (2001), McCulloch (2003) ͕ࢀর͞ΕΔɻ·ͨɼMcCulloch and Searle (2000) ͸Θ͔Γ
΍͘͢ॻ͔ΕͨຊͰ͋Γɼ࣬ප஍ਤͳͲۭؒϞσϧΛѻͬͨຊͱͯ͠͸ɼLawson, Browne and
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Abstract
Sample survey data can be used to derive a reliable estimate of a total mean for a large
area. When the same data are used to estimate means of small areas like city, county or
town belonging to the large area, the usual direct estimators like the sample mean have
unacceptably large standard errors due to the small sizes of the samples in the small areas.
This is called a small area problem. To ﬁnd more accurate estimates for given small areas,
one needs to ”borrow strength” from the related areas. The linear mixed model (LMM) is
recognized as an appropriate model for handling such a problem, and the resulting empirical
best linear unbiased predictor (EBLUP) can yield a smaller standard error.
This article gives a review of the small area estimation based on LMM. Especially, the arti-
cle explains how the structure of (common parameters)+(random eﬀects) in LMM works to
get accurate estimates. The estimators of the mean squared errors of EBLUP and the con-
ﬁdence interval based on EBLUP are derived to evaluate accuracy of EBLUP. Finally, some
generalizations and various variants of LMM are described for analyzing spatial data, and
the generalized linear mixed model (GLMM) and its application to estimation of mortality
rates are explained.
Key words: conﬁdence interval, empirical Bayes method, ﬁnite population, generalized
linear mixed model, linear mixed model, mean squared error, random eﬀects,
small area estimation, variance components model.
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